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­r;Q²UJ%?ÁºUÂ�?LK�>ª9<¯V>VÀZ9<²U>@­r;Î­<¿ ²UJ%?ÐÂEA	­:­<¿ ²	­ZÆf9<A	NÄ²UJ%?ÑºUÂ�?LK�>�¾&KÑºUÅ8º	²	?�¼$9<;%NQÂEA	­rÂ�°
?�AU²�ÅÈÆ¡?ÐKL­r;%ºU>@NE?�ACã¥´dµ�²UJ%?½¼É­\ºU²¬±d?�;%?�AM9<¯fÂEA	­:­<¿�KL­r;%ºU>@ºU²	ºÍ>V;ÊÂEA	­C=8>V;E±1²UJ&9<²¬²UJ%?
9<»%ºU²UAM9rK�²U>@­r;

α
>@º¬ºM9k¿�?�¿¦­rAÍ9ÑK�¯ª9rº	º

CR
­<¿f²UAM9<;%º	>V²U>@­r;µºUÅ�ºU²	?�¼ÉºÍ9<;%NÊ9ÌK�¯ª9rº	º

CQ­<¿�ÂEA	­rÂ�?�AU²U>@?LºZB�²UJ&9<²�>@ºCB
(preR](Q]) ⊆ Q]) ⇒ (preR(Q) ⊆ Q)

J%­r¯@NEº«¿�­rA�9<;:Å
²UAM9<;%ºU>V²U>@­r;®ºUÅ�ºU²	?�¼

R
>V;

CR
9<;%NÒ9<;:ÅÌÂEA	­rÂ�?�AU²�Å

Q
>V;

CQ
6%Ô4JE>@º >@º�²UJ%?ÍI:>V;%NP­<¿

A	?LºU³E¯V²	º�Æ¡?¡¾%;%N�>V;�¯V>V²	?�AM9<²U³EA	?�­r;É9<»%ºU²UAM9rK�²U>@­r;%º*²	­�?�;%ºU³EA	?Lº2²UJ&9<²*²UJ%?f=d?�AU>�¾&KC9<²U>@­r;
9<²*²UJ%?49<»%º	²UAM9rK�²*¯@?�=d?�¯%?�;-²M9<>V¯@º*²UJ%?4ÂEA	­rÂ�?�AU²�ÅF9<²*²UJ%?4KL­r;%K�A	?�²	?�¯@?�=d?�¯t6Z¶Eµ2Ç«;F?C9rºU>@?�A
ÂEA	­:­<¿�KL­r;%ºU>@º	²	º�>V;ÒÂEA	­Z=:>V;E±Á²UJ%?¬ÂEA	?�=8>@­r³%º«A	?LºU³E¯V²¤­r;E¯VÅÁ¿�­rA¤9½ºUÂ�?LK�>�¾&K�ºUÅ�ºU²	?�¼

R9<;%NÐ9�ºUÂ�?LK�>�¾&K�ÂEA	­rÂ�?�AU²�Å
Q
6-Ô4JE>@ºTÂEA	­8­<¿'9<;%N½²UJ%?�ÂEA	?�=8>@­r³%º¡­r;%?�A	?LÏ:³E>VA	?�²	­ÍNE?C9<¯

Æ�>V²UJË²UJ%?ÑNE?u¾%;E>V²U>@­r;%ºF­<¿�²UJ%?Ñ9<»%ºU²UAM9rK�²U>@­r;ÚA	?�¯ª9<²U>@­r;'B*9<;%NµÆ�>V²UJQ²UJ%?Á²UAM9<;%ºU>V²U>@­r;
ºUÅ8º	²	?�¼Éº 9<;%NÑ²UJ%?�ÂEA	­rÂ�?�AU²U>@?Lº«9<²�»�­r²UJP²UJ%?¬KL­r;%K�A	?�²	?Í9<;%NÒ9<»%º	²UAM9rK�²�¯@?�=d?�¯@ºC6

ÖÊ?Ì9rN�=d­:KC9<²	?Ñ9P²UJE>VA	NQÆ49LÅµ²UJ&9<²�Æf?Ð»�?�¯V>@?�=d?Ð>@º�º	>V¼FÂE¯@?�A�»�?LKC9<³%º	?Á>V²�­r;E¯VÅ
NE?C9<¯@º½Æ�>V²UJ§²UJ%?ÒKL­r;%K�A	?�²	?ZÙr9rK�²U³&9<¯�ºUÅ�ºU²	?�¼ 9<;%N�ÂEA	­rÂ�?�AU²�Å�ã�·Pµ½ÖÊ?P³%º	?19ÈKL­r;�°
K�A	?�²U>VÀZ9<²U>@­r;Ë¿¦³E;%K�²U>@­r;

[[.]]
­r;ËÂEA	­8­<¿�²	?�AU¼Éº�9<;%Nµ¿�­rAU¼Í³E¯ª9rº�²UJ&9<²�9<³E²	­r¼½9<²U>@KC9<¯V¯VÅ

²UAM9<;%º�¿¦­rAU¼ÉºÍ²UJ%?ÉÂEA	­8­<¿�9<²Í²UJ%?Ð9<»%ºU²UAM9rK�²¬¯@?�=d?�¯¡>V;-²	­19åìkïrô^ë¦æÉó�íUðCð�$Ðê�çuí&� ï\ê ê ùEç
é	ðrñ�é�í	ç�ê�çÈôVçuìrçuô^64Ô4J%?®J-Å8Â�­r²UJ%?Lº	>@ºÑ9<;%N©KL­r;%K�¯V³%ºU>@­r;#­<¿¬²UJ%?®ÂEA	­:­<¿�9<A	?®;%­r²Á?u×8°
9rK�²U¯VÅË²UJ%?ÑNE?LºU>VA	?LNÚ­r;%?LºCB�º	­EB�²	­åKL­r¼FÂE¯@?�²	?Ì²UJ%?ÁÂEA	­8­<¿�B2Æf?ÑJ&9L=d?Ì²	­åN�>@º	KMJ&9<AU±d?
²�Æ¡­µÂEA	­:­<¿¬­r»E¯V>V±-9<²U>@­r;%º

PO1
9<;%N

PO2
º	J%­CÆ�;Î>V;°q2>V±\³EA	?±��6TG'?�²½³%ºÉÂE³E²½>V;

Æ¡­rA	NQ²UJ%?½ÂEA	­8­<¿«­r»E¯V>V±-9<²U>@­r;
PO1

6HÔ4J%?Ì9<»%ºU²UAM9rK�²�ÂEA	­8­<¿«NE?�Â�?�;%NEº�­r;Q²UJ%?Á9k×8°
>@­r¼ÉºCBkºq9LÅ

A]
1, . . . ,A

]
n
BZA	?Lº	³E¯V²U>V;E±«¿¦A	­r¼ö²UJ%?4NE?u¾%;E>V²U>@­r;F­<¿%²UJ%?49<»%ºU²UAM9rK�²*ºU²M9<»E>V¯V>V²�Å

ÂEA	­r»E¯@?�¼
(R], Q])

6Eõ:>V¼F>V¯ª9<AU¯VÅdB�²UJ%?�NE?u¾%;E>V²U>@­r;Ì­<¿H²UJ%?«KL­r;%K�A	?�²	?�ÂEA	­r»E¯@?�¼
(R,Q)±d?�;%?�AM9<²	?LºTKL­r;%K�A	?�²	? 9k×�>@­r¼ÉºC6rÔ4J%?�;'B\²UJ%?4KL­r;%K�A	?�²U>VÀZ9<²U>@­r;½ÂEA	­8KL?Lº	º*?�;%NEº�Æ�>V²UJF²UJ%?

­r»E¯V>V±-9<²U>@­r;%º�²	­ÁÂEA	­C=d?�²UJ&9<²�²UJ%?F9k×8>@­r¼Éº�­<¿f²UJ%?�KL­r;%K�A	?�²	?�ÂEA	­r»E¯@?�¼ ?�;:²M9<>V¯@º�²UJ%?
KL­r;%K�A	?�²U>VÀZ9<²U>@­r;1­<¿�²UJ%?¬9k×8>@­r¼Éº ³%º	?LNÑ>V;P²UJ%?¬9<»%ºU²UAM9rK�² ÂEA	­:­<¿*­<¿�º	²M9<»E>V¯V>V²�Åd6

ÖÊ?�ºUJ%­CÆ#>V;Ñ²UJ%?�;%?u×�²�º	?LK�²U>@­r;Ì²UJ&9<²�²UJE>@º�9<ÂEÂEA	­d9rK	JPJ&9rº�ºM­r¼É?�9rN�=\9<;-²M9<±d?LºZã
q�>VA	º	²CB�²UJ%?ÐÂEA	­8­<¿�­r»E¯V>V±-9<²U>@­r;%º½9<A	?Ì?u×8ÂEA	?LºMº	?LNÎ9<²F²UJ%?ÑKL­r;%K�A	?�²	?Ì¯@?�=d?�¯ 9<;%NÄ²UJ%?
¾%;&9<¯¡ÂEA	­8­<¿�­r;E¯VÅÈA	?�¯V>@?Lº�­r;Ë²UJ%?½NE?u¾%;E>V²U>@­r;%º�­<¿�²UJ%?Ð9rK�²U³&9<¯4ºUÅ�ºU²	?�¼$9<;%NµÂEA	­rÂ�°
?�AU²�Åd6`õ8­EB&²UJ%?�NE?�=d?�¯@­rÂEÂ�?�A¤²UJ&9<²�9<²U²	?�¼FÂE²	º¤²	­½ÂEA	­:N�³%KL?�9FÂEA	­8­<¿T­<¿T>V²	º ÂEA	­r²	­8KL­r¯
NE­:?Lº4;%­r²4J&9L=d?�²	­�³E;%NE?�A	ºU²M9<;%NÑ²UJ%?�9<»%ºU²UAM9rK�²U>@­r;Ò³%º	?LNÁ>V;Á²UJ%?¤=d?�AU>�¾&KC9<²U>@­r;P²	­8­r¯t6
õ8?LKL­r;%N`B�NE?�Â�?�;%N�>V;E±Ð­r;®²UJ%?¬ÂEA	­rÂ�?�AU²�ÅdB&­r;E¯VÅÒ9ÉºU³E»%º	?�²«­<¿*²UJ%?�9<»%ºU²UAM9rK�²¤9k×�>@­r¼Éº
¸�¹ ���k���req��m}pÑ�}m}stj�~�eMst�k~tjÍ�upÁ���Cikj����ª���kj����Zm}pknkb&��j¬�<��j�st�kj��teq��j¬p<�Ms�eMstm}�upÑst�FiZj�p<�MstjÍe
�k~tj�ikm}�UeMstjTeMpri�st�<j���j,sH�M�%�¦s�eMstj��`st�re	s'�teMstm}�¦�^�«st�<m}�'�k~tjUiZm}�UeMstjuh

¶



���kj4st�k~tj�j��Z~t�L�q�^�¡�M��st�<j��¦s�eM�<m}�}m}s ���Z~t�u�\j,~�s �
preR(Q) ⊆ Q

��eq��jf�<��j��q�`st�kj4�k~t�L�M�`stj,~t�
∇] nuj,p<j,~�e	stjUiF�C��st�<j g�j,~tm�¢r��eMstm}�upÉst�L�u�Vh����<j s ���¬¢k~t�¦sfstj����<pkmo¥C�kj eM~tj¤�<eq��jUiF�qpÐe¬�k~t�L�M��M�&���q~�~tj���stp<j������q�Est�<j�eM�<�¦s�~�eq��stmo�qp:hY���kj*st�<m�~�i«stj����<pkm ¥L�kj*�<�<m}�oik�'st�<j*�,�up<��~tj,stm�ºUeMstm}�upÍ�q�Est�kj
�Z~t�L�q�-stj,~t��bu~tj,���<��stm}p<nTm}p�s ���T�k~t�L�M�-�u�<�}m}n�e	stm}�up<�'e	s�st�kjH�,�up<��~tj,stj��}j�guj��VbLst�reMs�m}��bLst�<j,�fik�Tpk�qs
~tj���j,~'st��eMpC�«eM�<�¦s�~�eq��s2iZ�u��eMmopk��h

R∈CR

Q∈CQ

R]∈C
]
R

Q]∈C
]
Q

R],Q]

∇]

pre
R](Q

])⊆Q]

(1)

preR(Q)⊆Q

[[A]
1 ∧ . . . ∧ A]

n]]
[[∇]]]

[[pre
R] (Q])⊆Q]]]

(P O2)

preR(Q)⊆Q

(P O1)

R,Q

R],Q]

∇]

pre
R](Q

])⊆Q]

(2)

preR(Q)⊆Q

R,Q » R],Q]

(1) ¼T½ �	��¾Z�u��¿�¾Z�U� ½nÀ ��¿É�r�����,�M�<�u� � ½ ¿ α = (αR, αQ)

α, C]
R, C]

Q, CR, CQ ` ∀R ∈ CR, ∀R] ∈ C]
R, ∀Q ∈ CQ, ∀Q] ∈ C]

Q,
“

αR(R,R]) ∧ αQ(Q, Q]) ∧ preR](Q]) ⊆ Q]
”

⇒ preR(Q) ⊆ Q

(2) ¼T½ �	��¾Z�u��¿�¾Z�U� ½nÀ ��¿É�r�����,�M�<�u� � ½ ¿Ì��¾Z����� � �u�P¾uÁÑ� ½ � ���ÃÂ ¾V¿ R,R] ��¿ZÁ Q,Q]

α, R], Q], R, Q ` preR](Q]) ⊆ Q] ⇒ preR(Q) ⊆ Q

(3) Ä7ÅT½oÆ � ½Y½nÀ.½ �XÇ �"� �<� � ½ ¿8� �k�4��È�¾Í� ½ ¿8�u��¾C��¾`Ç"¾ Â ¾uÇ
(OP1) É �VÇ � Á � �RÊ ½VÀ �EÈ�¾Í� ½ ¿8�u��¾C� �"Ë �<� � ½ ¿ ½nÀ ��ÈD¾Í� ½�Æ�ÌRÍ¬½ ��� Æ � ½�Æ ¾C�M� � ¾Z�

A]
1, . . . ,A

]
n Î ��¾ÏÁ � ¿Á��È�¾ ∇] Æ � ½D½VÀÐ½nÀ R], Q] ` preR](Q]) ⊆ Q]

R, Q ` [[A]
1 ∧ . . . ∧ A]

n]] ÑiÒªÓ"Ô [[φ]]] = Õ:Ö&×nÕPØ:ÙdÓ(Ò�Ú�Û4Ó(ÒÜÖ&×*ÖpÝ φ]

(OP2) Ä È�¾Í� ½ ¿:�u��¾Z� �"Ë �<� � ½ ¿ ½nÀ �EÈ�¾��r�����,�M�<�u� Æ � ½�Æ ¾C�	�dÊK¾u¿d��� � Ç��4��ÈD¾� ½ ¿8�u��¾C��¾ Æ � ½nÆ ¾C�	�RÊ
R, Q ` [[preR](Q]) ⊆ Q]]]⇒ preR(Q) ⊆ Q

�
�"� �&Þ-� ���Z~tj�j��`e��Z�`st�4�}m}� s�eMp�eM�<�¦s�~�eq��s��Z~t�u�\j,~�s �

/



9<A	?�9rK�²U³&9<¯V¯VÅ®³%º	?LNÒ>V;å²UJ%?�ÂEA	­:­<¿49<;%NÒ¯@?C9rNEº¤²	­ÁÂEA	­:­<¿�­r»E¯V>V±-9<²U>@­r;%ºZ6`á«?�;%KL?\B�²UJ%?
¾%;&9<¯'ÂEA	­:­<¿�>@º�A	?LN�³%KL?LNÌ²	­ÉÆ�J&9<²�>@º�A	?C9<¯V¯VÅÁ;%?L?LNE?LN`6

ß ®«].QTWXLYJ�_YMR¯�a¡_YMR]�Qà]
N`_Yb;Já[TLY]f]
N¬]
N¬Uu_�a,¤¥MRgdM�_�O
Ô4JE>@º¤ºM?LK�²U>@­r;åNE?LºMK�AU>V»�?Lº¤²UJ%?�KL­r;%K�A	?�²U>VÀZ9<²U>@­r;ÈÂEA	­:KL?LºMº�9<;%N®²UJ%?�A	?LºU³E¯V²U>V;E±ÑÂEA	­:­<¿
­r»E¯V>V±-9<²U>@­r;%ºC6�Ç ;Ì9<»%ºU²UAM9rK�²U>@­r;ÌA	?�¯ª9<²U>@­r;

α ⊆ Q×Q] >V;%N�³%KL?Lº�9¬A	?�¯ª9<²U>@­r;Ì­r;Á²UJ%?
KL­r;%K�A	?�²	?ÍNE­r¼½9<>V;'B

∼⊆ Q × Q
BENE?u¾%;%?LNÒ9rºCã

q ∼ q′
def
= ∃q] ∈ Q], α(q, q]) ∧ α(q′, q])

�49rºM?LNÈ­r;Ê²UJE>@º�A	?�¼½9<AUI�B�Æ¡?FÂEA	?Lº	?�;:²�9ÌKL­r;%K�A	?�²U>VÀZ9<²U>@­r;ËÂEA	­:KL?Lº	º¬²UJ&9<²�»E³E>V¯@NEº�9
ÂEA	­:­<¿H­<¿'²UJ%?¤KL­r;%K�A	?�²	?�ºU²M9<»E>V¯V>V²�ÅÉÂEA	­rÂ�?�AU²�ÅÉ¿ A	­r¼ ²UJ%?¤9<»%ºU²UAM9rK�²fÂEA	­8­<¿'±d?�;%?�AM9<²	?LN
»-Å�²UJ%?4=d?�AU>�¾&KC9<²U>@­r;½²	­8­r¯t6dÔ4J%?�A	?LºU³E¯V²U>V;E±ÍÂEA	­:­<¿`NE­:?LºT;%­r²*¼É?�;-²U>@­r;½²UJ%?«9<»%ºU²UAM9rKu°
²U>@­r;'B:;%?�>V²UJ%?�A4²UJ%?�9<»%ºU²UAM9rK�²4²UAM9<;%ºU>V²U>@­r;PºUÅ�ºU²	?�¼

R] B:;%­rAf²UJ%?�9<»%ºU²UAM9rK�²4ÂEA	­rÂ�?�AU²�Å
Q] � >V;%º	²	?C9rNÌ>V²�A	?C9rº	­r;%º�­r;Ò?LÏ:³E>V=\9<¯@?�;%KL?�âÍ9<²�²UJ%?¬KL­r;%K�A	?�²	?�¯@?�=d?�¯t6

ÖÊ?�¾%A	º	²fKL­r¼FÂE³E²	?¬9�NE?u¾%;E>V²U>@­r;Ì­<¿
∼
²UJ&9<²4>@º¡>V;%NE?�Â�?�;%NE?�;:²�­<¿H²UJ%?¤9<»%º	²UAM9rK�²

NE­r¼½9<>V;'6�ÖÊ?�?u×�ÂE¯@­r>V²�²UJ%?ÍÂEA	?LN�>@KC9<²U>V=d?½NE?u¾%;E>V²U>@­r;Ê­<¿�²UJ%?F9<»%ºU²UAM9rK�²U>@­r;ÈA	?�¯ª9<²U>@­r;
²	­¬ÂEA	­8N�³%KL?¤9¬¯@­r±\>@KC9<¯�KMJ&9<AM9rK�²	?�AU>VÀZ9<²U>@­r;P­<¿�9<¯V¯�9<»%ºU²UAM9rK�²4­r»�âU?LK�²	ºC6-Ã�;½²UJ%?¤KC9rº	? ­<¿
�
�i���0�i�\Bk²UJ%?¡9<»%º	²UAM9rK�²U>@­r;�A	?�¯ª9<²U>@­r;%º2­r;F9<±d?�;-²	ºCBk;%­r;%KL?LºCBC¼É?LºMºM9<±d?LºCBC²UAM9<;%º	>V²U>@­r;%º
9<A	?«9<¯V¯�±d­C=d?�AU;%?LNÐ»-ÅÉÂ&9<>VA	ºf­<¿`ÂEA	?LN�>@KC9<²	?Lº

(Ci, Ai)
A	?LºUÂ�?LK�²U>V=d?�¯VÅÉNE?u¾%;%?LNÐ­r;Ð²UJ%?

KL­r;%K�A	?�²	?�9<;%NP9<»%ºU²UAM9rK�² NE­r¼½9<>V;'ã

α =
⋃

i∈[0,n]

{(q, q]) | Ci(q) ∧ Ai(q
])}.

Ô4J%?¬NE?u¾%;E>V²U>@­r;®­<¿
∼
KC9<;P²UJ%?�;P»�?�A	?�Æ�AU>V²U²	?�;Ò>V;-²	­Ð9<;Ò?LÏ-³E>V=\9<¯@?�;-²�¿¦­rAU¼Pã

q ∼ q′
def
= ∃q] ∈ Q], α(q, q]) ∧ α(q′, q])
≡ ∃q] ∈ Q],

∨

i∈[0,n] Ci(q) ∧ Ci(q
′) ∧ Ai(q

])

≡
∨

i∈[0,n] ∃q] ∈ Q], Ci(q) ∧ Ci(q
′) ∧ Ai(q

])

≡
∨

i∈[0,n] Ci(q) ∧ Ci(q
′) ∧ (∃q] ∈ Q], Ai(q

]))

q�>V;&9<¯V¯VÅdB:9�ºM9<²U>@º�¾�9<»E>V¯V>V²�ÅÉ9<;&9<¯VÅ�ºU>@º�A	?LN�³%KL?Lº�?C9rKMJ½ºU³E»�°�¿�­rAU¼Í³E¯ª9
∃q] ∈ Q], Ai(q

])²	­µ91»�­8­r¯@?C9<;Ú=\9<¯V³%?Ò9<;%NÚ²UJ%?Ì=d?�AU>�¾&KC9<²U>@­r;§²	­:­r¯@ºÉ­r³E²UÂE³E²	º1ïµæ-ç¦îTñ%ë¦ê¦ë¦ðrñ÷ð�$
∼ú�ù-ë¦é�ù1ðrñ%ô"ãPæ-ç�óEçuñ�æV%Fð\ñµê ù�çÉéMðrñ�é�í	ç�ê�ç�ó�íUç	ærë¦éMï\ê�ç&%

Ci
§'õ8?LK�²U>@­r;�äø9<;%N@q§>V¯V¯V³%º�°

²UAM9<²	?�²UJE>@º�ÂEAU>V;%K�>VÂE¯@?Í­r;Ò²�Æ¡­Ð9<»%ºU²UAM9rK�²U>@­r;%º ³%ºM?LNÑ>V;@�
�i���0�i�\6
�«³EA�±d­d9<¯2>@º¤²	­Á²UAM9<;%º�¿�­rAU¼ ²UJ%?�9<»%ºU²UAM9rK�²�ÂEA	­8­<¿�²	?�AU¼ >V;-²	­Ì9ÁKL­r;%K�A	?�²	?�­r;%?

»-ÅÒA	?�¼É­Z=:>V;E±P9<¯V¯�A	?u¿�?�A	?�;%KL?�²	­Ð²UJ%?F9<»%ºU²UAM9rK�²�NE­r¼½9<>V;%ºCã�²UJ%?�ºUÅ:¼�»�­r¯@º�­<¿�Ï:³&9<;�°
²U>�¾&?LNÑ=r9<AU>ª9<»E¯@?Lº�NE­�;%­r²4;%?L?LNÁ²	­�»�?�K	J&9<;E±d?LN`BE²UJ%?�ÅÑ9<A	?�NE­r¼½9<>V;Ì>V;%NE?�Â�?�;%N%9<;:² �
å � �dst�kj2eM�<�¦s�~�eq��stmo�qp ~tj,� e	stm}�up mo��eTst�Ms�eq�r�^�<p<��stmo�qp:b�st�kj�p

∼
m}�`eMp�jU¥L�<m}gqeq�}j�p<�,jH~tj��oe	stmo�qp:hÏ���kmo�

~tj���e	~t� ��eqp¤�kj��}��nuj�s�stmopknfst�<j2mopLst�km}stm}�qp��<�Zs`m�s�m}�'p<�Ms�ef�k~tj,�@~tjU¥L�kmo��m�stj��M�%�u�Z~'��j,st�<�Cidh

Þ



9<¯V¯¡9<»%ºU²UAM9rK�²�?LÏ:³&9<¯V>V²U>@?LºÍKC9<;µ»�?FA	?�ÂE¯ª9rKL?LNµ»-Å
∼
°�?LÏ:³E>V=r9<¯@?�;%KL?Lº � 9<;%Nµ?C9rK	JQ9<»�°

ºU²UAM9rK�²ÍKL­r;%ºU²M9<;:²
q] KC9<;Ê»�?FA	?�ÂE¯ª9rKL?LNÈ»:ÅÈ9PKL­r;%ºU²M9<;-²Íº	Å:¼�»�­r¯ q

²UJ&9<²ÍºM9<²U>@ºU¾&?Lº
²UJ%?ÍN�>@º¦â�³E;%K�²U>@­r;1­<¿¡9<¯V¯�²UJ%?

Ci(q)
ºU³%K	J1²UJ&9<²

Ai(q
])
?�=\9<¯V³&9<²	?Lº¤²	­É²UAU³%?\6&Ô4J%?LºM?

KL­r;%ºU²UAM9<>V;-²	º¤­r;
q
9<A	?�9rNENE?LNÒ9rº�J-Å8Â�­r²UJ%?LºU>@º�>V;P²UJ%?¬KL­r;%K�A	?�²	?¬ÂEA	­:­<¿U6

ÖÊ?Í;%­ZÆ NE?�²M9<>V¯2²UJ%?�A	?�ÂE¯ª9rKL?�¼É?�;-²¬­<¿�9<»%ºU²UAM9rK�²¤ÂEA	?LN�>@KC9<²	?LºC6�Ã�;:²U³E>V²U>V=d?�¯VÅdB�Æf?
KC9<;ÒA	?�ÂE¯ª9rKL?�9�¿¦³E;%K�²U>@­r;®»:ÅÒ9<;%­r²UJ%?�A�9<;%NÒÂEA	?Lº	?�AU=d?Í²UJ%?Í=r9<¯V>@N�>V²�ÅÒ­<¿¡9�ÂEA	­8­<¿¡9rº
¯@­r;E±F9rº4²UJ%?¤²�Æ¡­�¿¦³E;%K�²U>@­r;%º�?�=r9<¯V³&9<²	?¤²	­�²UJ%?�ºM9<¼É?¤=r9<¯V³%?Lº�­r;Ì?LÏ:³E>V=r9<¯@?�;:² 9<AU±\³�°
¼É?�;-²	ºC6:ÖÊ?«KC9<;E;%­r²4ºU>V¼FÂE¯VÅFA	?�ÂE¯ª9rKL?�9<;Ñ9<»%º	²UAM9rK�²�ÂEA	?LN�>@KC9<²	?

P ] »-ÅF²UJ%?¤­rAU>V±\>V;&9<¯
KL­r;%K�A	?�²	?�ÂEA	?LN�>@KC9<²	?

P
¿�­rACB8>V;Á±d?�;%?�AM9<¯tB�²UJ%?¤ÂEA	?LN�>@KC9<²	?

P
NE­8?Lº¡;%­r²�?�=\9<¯V³&9<²	?�²	­

²UJ%?¬=\9<¯V³%?
P ](c])

­r;19<¯V¯�²UJ%?ÍKL­r;%K�A	?�²	?�=r9<¯V³%?Lº¤9<»%ºU²UAM9rK�²	?LN®­r;
c] 6�õ8­EB&Æ¡?�9rº	º	­<°

K�>ª9<²	?�²	­Á?C9rKMJµ9<»%ºU²UAM9rK�²�ÂEA	?LN�>@KC9<²	?
P ] 9ÁKL­r;%K�A	?�²	?�ÂEA	?LN�>@KC9<²	? P c ²UJ&9<²�>@º¤»E³E>V¯V²

¿ A	­r¼ ²UJ%?«­rAU>V±\>V;&9<¯�KL­r;%K�A	?�²	? ÂEA	?LN�>@KC9<²	?
P
B-9<;%NÉ²UJ&9<²�J&9L=d?¤9�³E;E>�¿�­rAU¼Õ=\9<¯V³&9<²U>@­r;

Æ�>V²UJÌA	?LºUÂ�?LK�²4²	­�²UJ%?¤A	?�¯ª9<²U>@­r;
∼
B:¼É?C9<;E>V;E±É²UJ&9<²

v1 ∼ v2 ⇒ P c(v1) = P c(v2)
6

q%­rA¬²UJE>@º�ÂE³EAUÂ�­\º	?\B`Æ¡?�>V;:²UA	­:N�³%KL?½²�Æf­ÌÂEA	?LN�>@KC9<²	?F²UAM9<;%º�¿�­rAU¼É?�A	º +/−
²UJ&9<²¬NE?u°

¾%;%?Ñ²UJ%?Ñ³E;E>�¿¦­rAU¼0?u×�²	?�;%ºU>@­r;�ÙkA	?LºU²UAU>@K�²U>@­r;�­<¿�91KL­r;%K�A	?�²	?ÌÂEA	?LN�>@KC9<²	?
P
Æ�>V²UJ�9

¿ A	?L?�=\9<AU>ª9<»E¯@?
x
6iq2>V±\³EA	?<�F>V¯V¯V³%º	²UAM9<²	?Lº�²UJ%?Lº	?�NE?u¾%;E>V²U>@­r;%º«±\AM9<ÂEJE>@KC9<¯V¯VÅd6

P+(x)
def
= ∃y, y ∼ x ∧ P (y)

9<;%N
P−(x)

def
= ∀y, y ∼ x ⇒ P (y)

6

P
−

P
+

P���<j�eq�<�¦s�~�eM�,stm}�up«mop<ik�k��j��`eT~tj��oeMstm}�up
∼
�up�st�<j2�,�up<��~tj,stj*ik�q��eqm}p-hÏ���<j�nM~tm i�~tj��k~tj,��j�pLst�

e¡�<eM~�stm�stm}�up«�q��st�kj2���qp<�,~tj,stjTiZ�u��eMmop«eq�}�qp<nfst�kj2jU¥L�<m}gqeq�}j�pk��j2���oeM����j����M��st�<jH~tj��oeMstm}�up
∼
h

�
�"� ��æ8�Yç p<m����M~t�Ä~tj��¦s�~tm}�,stm}�upnèMj,¨Cstj�pk��mo�qp��q�&e��k~tjUiZmo��eMstj
P
�'m�st�¤~tj����\j��,s'st�fe¡~tj��oeMstm}�up

∼

ÖÊ?�KC9<;F;%­CÆÎNE?u¾%;%?�²UJ%?�KL­r;%K�A	?�²U>VÀZ9<²U>@­r;½­<¿�²UJ%?�9<»%ºU²UAM9rK�²TÂEA	­8­<¿�²	?�AU¼ÉºC6\Ã�;F­rA	NE?�A
²	­�±d?�²�9¤=r9<¯V>@N�ÂEA	­8­<¿�²	?�AU¼PBr²UJ%?�A	?LºU³E¯V²U>V;E±�²UAM9<;%º�¿�­rAU¼½9<²U>@­r;É¼Í³%ºU²�;%­r²*>V;-=\9<¯V>@N%9<²	?
²UJ%?4ÂEA	­:­<¿`ºU²	?�Â%º*­<¿�²UJ%?�9<»%ºU²UAM9rK�²TÂEA	­8­<¿�²	?�AU¼P6\Ô4JE>@º*ÂE³E²	º�ºU²UA	­r;E±¬KL­r;%ºU²UAM9<>V;-²	ºf­r;
²UJ%?É²UAM9<;%º�¿�­rAU¼½9<²U>@­r;'ã'²UJ%?ÐKL­r;%K�A	?�²U>VÀZ9<²U>@­r;µ¿¦³E;%K�²U>@­r;

[[.]]
¼Í³%º	²Í»�?½9Ñ¼É­rAUÂEJE>@ºU¼

­r;ÒÂEA	­8­<¿�²	?�AU¼ÉºZB&9<;%NP>V²�¼�³%ºU² ÂEA	?LºM?�AU=d?¬²UJ%?Íº	²UAU³%K�²U³EA	?Í­<¿�¿¦­rAU¼�³E¯ª9rºC6&Ô4J%?�KL­r;�°
K�A	?�²U>VÀZ9<²U>@­r;®­<¿2¿¦­rAU¼�³E¯ª9rº�>@º�ÂEA	?Lº	?�;:²	?LNP>V;éq2>V±\³EA	?`��6%Ô4J%?�>V;:²	?�A	?LºU²U>V;E±ÐKC9rºM?Lº 9<A	?

ÝC¸



ê�j2�k��j
x, y

���M~`gue	~tmoeq�<�}j���b
c
���M~'���upk�¦s�eqpLst��b

P
���M~'�k~tjUiZm}�UeMstj���b

φ
���q~`�^�q~t�¡�<�oeq��hu���<j��¦�Z�f�\�u�

v
�UeMpFikj,p<�qstjfj�m�st�<j,~¡e¤���qp<�¦s�eMpCs�gqeq�}�<j��M~¡e¤gue	~tmoeq�<�}juhDê�j��k��j

]
st��ikj,p<�qstj4st�kj�m�~�eq�k�¦s�eq�,s

guj,~t��m}�up:h ¹ �}�dst�<j*iZj,¢rpkm�stmo�qp<�'j,¨Cstj�p<i m}p¤st�kj��u�CgCm}�u�<�`��eU� st�f�Z~tjUikm}�Ue	stj��H�up«st�k�<�}j���h
¼;½ ¿8�u��¾C� �"Ë �k� � ½ ¿ ½nÀ�À�½ � Í Î Ç �r�

[[¬φ]]] = ¬[[φ]]]

[[φ]
1 ⊗ φ

]
2]] = [[φ]

1]] ⊗ [[φ]
2]] Ý�Ö&Ø ⊗ ∈ {∨,∧,⇒,⇔}

[[Qx φ]]] = Qx [[φ]]] Ý�Ö&Ø Q ∈ {∀, ∃}
[[P ](v])]] = [[P ]]]([[v]]])

[[x]] = x Ò Ý x ÒªëfÛ�ë:ì4í^î:Ö
ïZÖðÝfñ4Û&ØdÒ(Ûòî�ï¨Ù
[[c]]] = cc Û&×�ó¦ôZõ�ö := ôZõ�ö ∪ n

[[α(cc, c])]]
o

[[x1 =]
T

x2]] = [[x1]] ∼T [[x2]] ÑXÔVÙdØ:Ù T ó�Ùd×�Ö4ÓwÙdë�Ó"ÔVÙ;Ó(ìR÷uÙcÖðÝ xi Û&í^Ö&×�øÛEø�Ùd×uÓ(ëRù¡×�Ö&×nÕRÙdëRù�í�Ùdë:ëdÛEø�Ùdë:ù7Ó(ØðÛ&×Vë:ÒªÓ(Ò(Ö&×Vë
[[α(x, c])]] =

W

i Ci(x) ∧Ai(c
]) ÝdØ�Ö&íúÓ"ÔuÙcó�Ùªû�×uÒªÓ(ÒÜÖ&×¬ÖðÝ α

=

(

false Ò Ý W

i Ai(c
]) ≡ false

“

Ci1 ∨ . . . ∨ Cip

”

(x) Ý�Ö&Ø ik ∈ {i | Ai(c
]) ≡ true}

[[P ]]] = P c ÑiÒªÓ"Ô�ü�ýdþ :=
ü�ýdþ ∪

8

>

<

>

:

ÿ ý�� P c(x) = P+(x) = ∃y y ∼ x ∧ P (y) Ò Ý P ] Ö&ñ&ÙdØ��pÛd÷
÷nØ�Ö��&Ò"í^Û&ÓwÙdë Pÿ ý�� P c(x) = P−(x) = ∀y y ∼ x⇒ P (y) Ò Ý P ] � ×�ó�ÙdØ��pÛR÷ò÷nØ�Ö��&Òªí^Û&ÓwÙdë Pÿ ý�� P c(x) = P (x) Ö&Ó"ÔVÙdØRÑiÒªëPÙ

9

>

=

>

;

¼;½ ¿8�u��¾C� �"Ë �k� � ½ ¿ ½nÀ � Æ � ½Y½nÀ ��¾u¿d�P¾V¿:�
¾¹ �Z~t�L�q����j,pCstj,p<��j��
T , FV ,H ` ϕ

��j�pLstm}�upk��st�kjHst�kj��q~��
T
bLst�kjH� ~tj�j�gqeM~tmoeq�k�oj,�

FV
eMpri4st�<j

eM�,stm}g�j��L�Z�\�qst�<j,��mo�
H � m}p�st�km}�*�q~�ikj�~��*�qp�st�kj4�}j,�^s��ª�reMpriÍ��m iZj��q��st�kj�ikj�ik�<��stmo�qp��¦�Z�f�\�q� ` beMpri�st�<j*�k~t�q�\j,~�s �
ϕ
st�4�\j*�Z~t�	g�jUi��up¤st�kj2~tm}nu�LsUh

[[T ,FV ,H ` ϕ]] = [[T ,FV ,H]] ` [[ϕ]]

ÑiÒªÓ"Ô [[T ,FV ,H]] = ü¡ýRþ , FV ∪ FV ( ôZõ�ö ), ôZõ�ö ∪ [[T ]] ∪ [[H]]

¼;½ ¿8�u��¾C� �"Ë �k� � ½ ¿ ½nÀ ��¿ � ¿ À ¾Z��¾u¿8�
¾�� Î ÇÃ¾k� ½VÀ � Æ � ½Y½nÀ ��¾C� Í
»»

Φ1 . . . Φn

Φ
(rule)

––

=
[[Φ1]] . . . [[Φn]]

[[Φ]]
(rule) ÑXÔVÙdØ:Ù Φ ó�Ùd×nÖ&ÓwÙdëTÛ;÷VØ�ÖEÖðÝ�ëPÙd×VÓwÙd×�ÕRÙ

�
�"� �
	-� ���kj*���upk�,~tj,stm�ºUeMstm}�qp����<pk�,stm}�up

Ý\Ý



²UJ%­\º	?�­<¿�9<»%ºU²UAM9rK�²�KL­r;%ºU²M9<;:²	º�9<;%NÍÂEA	?LN�>@KC9<²	?LºC6rÔ4J%?�KL­r;%K�A	?�²U>VÀZ9<²U>@­r;FA	?�ÂE¯ª9rKL?Lº�²UJ%?
9<»%ºU²UAM9rK�²�KL­r;%ºU²M9<;-²

c] »-ÅÌ9�ºUÅ:¼�»�­r¯ cc 9<;%NÑÂEA	­8N�³%KL?Lº�J-Å8Â�­r²UJ%?Lº	>@º�­r; cc Æ�JE>@KMJ
?u×8ÂEA	?Lº	º�²UJ&9<²

cc >@ºT9<»%ºU²UAM9rK�²	?LNF­r; c] 6n6¤­r²	?4²UJ&9<²�²UJ%?�Å�­r;E¯VÅ�³%º	?4KL­r;%K�A	?�²	?�ÂEA	?LN�>�°
KC9<²	?LºC6kÔ4J%?fKL­r;%K�A	?�²U>VÀZ9<²U>@­r;É­<¿&ÂEA	?LN�>@KC9<²	?Lº�A	?LÏ:³E>VA	?Lº2²UJ%?f9rN�=8>@KL?¡­<¿�²UJ%?¡NE?�=d?�¯@­rÂ�?�A
­<¿�²UJ%? =d?�AU>�¾&KC9<²U>@­r;Ñ²	­:­r¯%²	­�K	J%­8­\º	?�²UJ%? AU>V±\J-²4KL­r;%K�A	?�²U>VÀZ9<²U>@­r;'6�Ã�;:²U³E>V²U>V=d?�¯VÅdB8?C9rKMJ
ºUÅ:¼�»�­r¯�­<¿¤9<;Î9<»%ºU²UAM9rK�²�ÂEA	?LN�>@KC9<²	?

P ] >@º�A	?�ÂE¯ª9rKL?LNÄ»:Å P+
Û A	?LºUÂ'6

P−
B
P
ß�>�¿

P ] >@ºÉ9<;�­Z=d?�A Û A	?LºUÂ'6*³E;%NE?�ACB�?u×E9rK�²qß�9<ÂEÂEA	­C×8>V¼½9<²U>@­r;÷­<¿ P
6*Ã�;ÄÂEAM9rK�²U>@KL?\BTÆf?

NE­Ì;%­r²Í±d­Ì²UJEA	­r³E±\JË²UJ%?ÉÂEA	­8­<¿f²	?�AU¼ ²	­Ò9<ÂEÂE¯VÅå²UJ%?Lº	?ÉA	?�ÂE¯ª9rKL?�¼É?�;:²	ºCB�Æ¡?½­r;E¯VÅ
A	?LNE?u¾%;%?F²UJ%?F?u×8>@º	²U>V;E±ÌÂEA	?LN�>@KC9<²	?Lº��\68ä*=d?�;-²U³&9<¯V¯VÅdBH²UJ%?FKL­r;%K�A	?�²U>VÀZ9<²U>@­r;Ê¿¦³E;%K�²U>@­r;
A	?�²U³EAU;%ºCãHÝZß�
����UBE²UJ%?¬NE?u¾%;E>V²U>@­r;%º¤­<¿*³E;E>�¿¦­rAU¼ ÂEA	?LN�>@KC9<²	?Lº

P c ²UJ&9<²�A	?u¿¦?�A ²	­F²UJ%?
ÂEA	?LN�>@KC9<²	?Lº

P
­<¿�²UJ%?4KL­r;%K�A	?�²	?�ºUÅ�ºU²	?�¼ ·dß������-Br²UJ%?fJ:Å:Â�­r²UJ%?LºU>@º*­r;F²UJ%?4ºUÅ8¼Í»�­r¯@º

NE?�;%­r²U>V;E±½KL­r;%K�A	?�²	?¬KL­r;%ºU²M9<;:²	ºCB&9<;%Né�dß49�ÂEA	­:­<¿�²	?�AU¼ >V;ÌÆ�JE>@K	J19<¯V¯`ÂEA	­:­<¿�ºU²	?�Â%º
9<A	?�=\9<¯V>@Nå9<;%N®Æ�JE>@KMJÈKL­r;-²M9<>V;%º�;%­ÐA	?u¿¦?�A	?�;%KL?�²	­Á²UJ%?�9<»%ºU²UAM9rK�²�ºUÅ8º	²	?�¼PB&;%­rA�²	­
²UJ%?Í9<»%ºU²UAM9rK�²U>@­r;PA	?�¯ª9<²U>@­r;'6
q2>V±\³EA	?ÉÜÐKL­r¼FÂE¯@?�²	?Lº¬²UJ%?�ÂE>@K�²U³EA	?�Æ�>V²UJÈ²UJ%?�KL­r;%ºU²UAU³%K�²U>@­r;Ë­<¿�²UJ%?�KL­r;%K�A	?�²	?

ÂEA	­:­<¿U6�Ô4J%?�=d?�AU>�¾&KC9<²U>@­r;P²	­:­r¯@º4ÂEA	­8N�³%KL?Lº�²M9rK�²U>@KLº4Æ�JE>@KMJÒN�AU>V=d?�²UJ%? )7+Ð-Ë?�;E±\>V;%?
²	­Ñ»E³E>V¯@NÈ²UJ%?½9<»%ºU²UAM9rK�²¬ÂEA	­8­<¿¡²	?�AU¼

∇] ²UJ&9<²ÍNE?�¼É­r;%ºU²UAM9<²	?LºÍ²UJ%?FÂEA	­rÂ�?�AU²�Å ϕ] 6
Ô4J%?�;'BT²UJ%?ÒKL­r;%K�A	?�²U>VÀZ9<²U>@­r;©¿¦³E;%K�²U>@­r;�²UAM9<;%º�¿�­rAU¼ÉºÐ²UJE>@ºÉ²	?�AU¼ >V;:²	­Q9ÊKL­r;%K�A	?�²	?
ÂEA	­:­<¿�²	?�AU¼Éº

[[∇]]]
6HÔ4JE>@ºÍ²	?�AU¼�±\>V=d?Lº�9ÌÂEA	­8­<¿�­<¿

[[ϕ]]]
B`²UJ%?½KL­r;%K�A	?�²U>VÀZ9<²U>@­r;Ú­<¿

²UJ%?�9<»%º	²UAM9rK�²¤ÂEA	­rÂ�?�AU²�Åd6`Ô4J%?�ÂEA	­8­<¿
[[∇]]]

A	?�¯V>@?Lº�­r;å²UJ%?�KL­r;%K�A	?�²U>VÀZ9<²U>@­r;Ê­<¿¡²UJ%?
9<»%ºU²UAM9rK�²É9k×8>@­r¼Éº

A]
1, . . . ,A

]
n
³%º	?LNQ>V;

∇] 62Ô4J%?Ð¾%A	ºU²�ÂEA	­8­<¿«­r»E¯V>V±-9<²U>@­r; PO1A	?LÏ-³E>VA	?LºÍ²	­Ò9<;%ºUÆ¡?�A�²UJ%?ÉÏ:³%?LºU²U>@­r;'ã'NE­8?Lº�²UJ%?½9k×�>@­r¼ÉºÍ­<¿4²UJ%?ÉKL­r;%K�A	?�²	?É²UJ%?L­rAUÅ
?�;-²M9<>V¯@ºT²UJ%?�KL­r;%K�A	?�²U>VÀZ9<²U>@­r;Á­<¿�²UJ%­\ºM?�9<»%ºU²UAM9rK�²¡9k×�>@­r¼Éº
��Ô4J%?�ºM?LKL­r;%NF­r»E¯V>V±-9<²U>@­r;
PO2

A	?LÏ-³E>VA	?Lº�²	­�ÂEA	­Z=d?�²UJ&9<²�²UJ%?�KL­r;%K�A	?�²U>VÀZ9<²U>@­r;F­<¿E²UJ%?¡9<»%ºU²UAM9rK�²�ÂEA	­rÂ�?�AU²�Å
[[ϕ]]]?�;-²M9<>V¯@º�²UJ%?ÍKL­r;%K�A	?�²	?¬ÂEA	­rÂ�?�AU²�Å

ϕ
6

Ã�;�±d?�;%?�AM9<¯tB
PO2
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ÂEA	­:­<¿�º ­r»E²M9<>V;%?LNÈ9<A	?¬>V;%NE?�Â�?�;%N%9<;-²�­<¿�KL­rAUA	?LK�²U;%?Lº	º¤²UJ%?Í²	­:­r¯�9<;%NÒ²UJ%?�9<»%ºU²UAM9rKu°
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 �8�«eUg��umoi¬���upZ���<��m}�qp:bdst�<j¡���upk�,~tj,stm�ºUeMstm}�qp����kp<�,stm}�qp��Z~tj,stj�priZ�2st��~tj��<�oeq�,j4jUeq���Í�¦�k�¡�\�u���M�
eqp¤eq�k�¦s�~�eq�,s��k~tjUiZm}�UeMstj

P ] �L�«eqp¤���q~�~tj����\�qpriZmopkn4�¦�Z�f�\�q�-�M�%ef���qp<�,~tj�stj*�k~tjUiZmo��eMstj P c h
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���kj`�k~t�L�M�-stj�~t���%eM~tj'�<�kmo�oiT�'m}st�4st�kj�m}pk�^j,~tj�p<�,j'~t�k�}j����M�\st�<j`��jU¥L�kj�pLs%�Ueq�}���k�o�k�&�^�q~&¢<~t�¦s&�q~�iZj,~
�}�qnum}� � ��j�j`��m}nu�Z~tj"!���h&���kj��¦�Z�f�\�q� ∇] iZj�p<�Mstj���st�<j��k~t�L�q�kstj,~t�å�Z~t�Cik�<�,jUi*�C�*st�kj�g�j�~tm}¢<�UeMstm}�qpst�L�q�'eq�fe¬�,j,~�stm�¢r�Ue	stj¤�q�'st�kj¤eM�<�¦s�~�eq��s4�k~t�q�\j,~�s �LhX���<j �k~t�L�M���M��st�kj����upk�,~tj,stj �k~t�u�\j�~�s �

ϕ
b

iZj�p<�MstjUi«�L�
∇
�\j��}�U�*br�k��j��`st�<j��,�up<��~tj,stm�ºUeMstm}�up��M�

∇] eqp<i st�Z~tj�j*�k~t�L�M�E�u�k�om}nueMstm}�upk���
(PO3)

���<jf���upk�,~tj,stm�ºUeMstm}�qp��q�'eMp�eM�<�¦s�~�eq��sT���upk�¦s�eqpLst�
c] �UeMp��\j�eMpL�¬���upk�¦s�eqpLs cc �'�<m}����te	stm}�¦¢rj���st�<j����up<ikm�stm}�upk�f�q�'st�kj�eq�<�¦s�~�eM�,stm}�upF~tj��oeMstm}�qp

α(cc, c])
h����kj���j ���up<ikm�stm}�up<�feM~tj�~tj,�

iZ�<��j�i«st��ikm}�$#¦�kp<�,stm}�qp<�2�M�&���upk�,~tj,stjT�k~tjUiZm}�UeMstj����up
cc bkst�<j�p�nueMst�kj,~tjUi�m}pLst� Hyp

iZ�k~tm}p<n¡st�<j
�,�up<��~tj,stm�ºUeMstm}�up � ��j�j���m}nu�Z~tj&%
��h����<jH�k~t�L�M�-�u�<�}m}n�e	stm}�up PO3

~tjU¥L�<m�~tj��%st�T�k~t�	g�j�st�<j'j,¨Zm}�¦stj�pk��j
�M�8�,�up<��~tj,stj�j,�oj,��j�pLst�&st�<eMs��teMstm}�¦�^��st�kjH�L�Z�\�qst�kj���m}��bL��jUeMp<m}p<n�st�<eMs�st�kj,~tj'j,¨Zm}�¦st��e*�k~tj,�ªm}��eqnqj
�^�q~&jUeM���feq�<�¦s�~�eM�,s&���upk�¦s�eqpLst�

c] �k��jUi¡m}p�st�<j��Z~t�L�q� ∇] h&���kj`�k~t�L�q�r�q�deMpfj,¨Zm}�¦stj�pLstmoeq�Z�k~t�u�\j�~�s �m}�'iZ�up<j��L��j,¨Z�<m}�<m�stm}p<nfeT�'m�stpkj�����h � s`�UeMp«�\j*eM�kst�q��eMstjUi��L��m}p<�¦s�~t�<��j,pCstm}pknTst�kj2g�j�~tm}¢<�UeMstm}�qp
st�L�q�8���fst�<eMs'm�sH�k~t�	gCmoikj��Hef�\�q����mo�k�}j*���upk�,~tj,stm�ºUeMstm}�qp����q~�jUeM����eM�<�¦s�~�eM�,sH���upk�¦s�eqpLsUh
(PO1)

� ~t�L�q�*�q�<�}m}n�e	stmo�qp
PO1

~tjU¥L�<m�~tj��4st�����k�U�Úst�reMsfst�<j¤�,�up<��~tj,stj�g�j,~t��m}�qp
Ac �q�2st�kje	¨Zmo�q���2�k��jUi�mop�st�kj¡eM�<�¦s�~�eM�,s*�k~t�L�M��e	~tj¡gqeq�}moi����M~�st�<j����upk�,~tj,stj�j��}j���j�pLst�'st�reMs2�teMstm}�¦�^��st�kj

�L�Z�\�qst�kj���m}�
Hyp

h
� PO2

�k���<m}��� eM�¦s`�k~t�L�M�-�u�<�}m}n�e	stm}�up�~tjU¥L�<m�~tj���st�<eMs&st�<j'���qp<�,~tj,stm�ºUe	stm}�up��q�-st�<jHeq�k�¦s�~�eq�,s��k~t�q�k�
j�~�s �½j�pLs�eqm}�}��st�<j����qp<�,~tj�stj��k~t�u�\j�~�s �Lh('2�Mstj¤st�re	s st�kj����qp<�,~tj,stj��Z~t�L�q� � eMpri½���kb�st�kj��k~t�L�M��q�<�}m}n�e	stmo�qp<�)��e	~tjHik�upkj'mop4st�kj'���upk�,~tj,stj`st�<j��M~��

T
j,¨Cstj�priZjUi¡�'m�st�4st�<jHeq�Z¨Zmo�}�}moeM~���iZj,¢rpkm�stmo�qp<��b

Def
bk�q�%�<pkm����q~t�Ú�Z~tjUikm}�Ue	stj��'m}pCs�~t�CiZ�<��j�i¤ik�Z~tm}p<nfst�kj����upk�,~tj,stm�ºUe	stmo�qp:h

ê�j2�k��j
∀FV (Hyp) � ~tj,���:h ∃FV (Hyp)

�&st�¡ikj,p<�qstjHst�<jH�<pkmoguj,~t�teq� � j,¨Zm}�¦stj�pLstmoeq�*��¥L�reMpLstm}¢<�UeMstm}�qp«�qpeM�}�d� ~tj�j�gqeM~tmoeq�k�}j��'�q�
Hyp

hu���<j2�¦stj,�
(†)
m}p
∇
m}�`gqeq�}moi ��m}p<�,j

FV (Hyp)∩FV (T ∪Def) = ∅
h

∇1
def
=

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

PO1

T ∪ Def, Hyp ` Ac
1 ∧ . . . ∧ Ac

n

[[∇]]]

[[A]
1 ∧ . . . ∧ A]

n]] ` [[ϕ]]]

` [[A]
1 ∧ . . . ∧ A]

n]]⇒ [[ϕ]]]
(1)

T ∪ Def, Hyp ` Ac
1 ∧ . . . ∧ Ac

n ⇒ [[ϕ]]]
(⇒i)

T ∪ Def, Hyp ` [[ϕ]]]
(⇒e)

∇
def
=
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>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

:

PO3

T ∪ Def ` ∃FV (Hyp) Hyp

PO1 [[∇]]]

∇1

T ∪ Def, Hyp ` [[ϕ]]]

PO2

T ∪ Def, Hyp ` [[ϕ]]]⇒ ϕ

T ∪ Def, Hyp ` ϕ
(⇒e)

T ∪ Def ` Hyp⇒ ϕ
(⇒i)

T ∪ Def ` ∀FV (Hyp) (Hyp⇒ ϕ)
(∀i) (†)

T ∪ Def ` ϕ
(∃e, ∀e, ⇒e)

� pfst�<j'�UeM��j��M�,+dXZY\]'X.-���j�eq�k�<���¡st�km}���Z~t�L�q�-���upk�¦s�~t�<�,stm}�qp��'m�st�
ϕ

def
= preR(D) ⊆ D

bCeqp<i�e
st�kj��q~��

T
st�<eMs�m}��eMp�eM¨Zm}�u��e	stm¨º�eMstm}�up��q�

R
eMpri
D
h����kj'�k~t�L�q�dstj,~t�

∇
m}�%st�<j'���qp<�,~tj,stj'�Z~t�L�q�

�M�`st�<j��¦s�eM�<m}�}m}s ���Z~t�u�\j,~�s ���^�q~�st�<j����qp<�,~tj,stj��Z~t�u�<�}j��
(R,D)

h����<j4s ����~tj���eMm}p<m}p<n��Z~t�L�q���
�q�<�}m}n�e	stmo�qp<�

PO1
eqp<i

PO2
��j*�u�Zs�eqm}p�e	~tj��Z~tj���j�pLstjUi mop�/Zj���stmo�qp¬{¡h

���Ã� �
0-� ���<j*�,�up<�¦s�~t�k�,stm}�up��M��st�<j*�,�up<��~tj,stj*�k~t�L�M�
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{=<,~�eM~�i?>�j,~�~��Lb;@2�k�\j,~�sBA��q���up:b�eMpri ¹ �oeqm}pÑ��m}pk��j��Vb&jUikm�st�q~t��bDCFEDG-b&g��u�}�k��j�cCy�z�c��M�
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ÕPÓ(Òªñ&Ù�P�ÔVÙ�Ö&Ø�ÙdíRQ,ØðÖ&ñEÒª×�øTÛ&×nóSQ,ØðÖ:ø&Ø�Û&íRTTÙdñ&ÙPïU�Öd÷ní�Ùd×uÓWV C Ö�XOY E ØdÓ z P�ÔVÙ C Û
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Òª×[P�ÔVÙ�Ö&Ø:ÙdÓ(Ò(ÕRÛ&ï C Ö&íÐ÷ � ÓwÙdØ"J�ÕPÒÜÙd×�ÕRÙ�V E ×]\ E P C J^J�ÙdØdÒ�Ùdë h�/C�k~tm}p<nqj,~Ub�cqzuz4�kh��ux�_��-hob�@�e	~�iZ����	g�j,~Uh � /`>a'¥�<vM�b%4�uzM� cqzqwc%��q� cCh
vZh]8&hL>��
º,n�eZb��fhL88eM�C�<p<j,���-b-eqpri�£�h � <�~tmop-h ¹ �<�¦s�~�eq��sTmopLstj,~t�Z~tj,s�eMstm}�qp����M~���j��,~tj��,���<��m}pkn
�reMs�stj�~tp<��h � p P E�CFE JdY e · b<g��q�}�<��j*cMxZy�_4�q�fH I C J brcqzqzuvCh�kh]8&h.>��
º,n�eZbu�fh`8:eq�C�<pkj����-bZeqp<i�£�h � <,~tm}p:h;@�j,~t��j���� ¹ p«eq�Zst�u��e	stmo��st�L�u�d���q~Hg�j�~tm}¢<�UeMstm}�qp
�q�H��j��,~tj����Fm}p½��j,���k~tm�s ���k~t�Mst�L���u�}��h � p ´�g Ó"Ô N ×uÓwÙdØd×nÛ&Ó(ÒÜÖ&×nÛ
ï C Ö&×�ÝEÙdØ:Ùd×nÕdÙ?Ö4× C Ö&í.÷ � ÓwÙdØE ÒÜó�Ù�ó G ÙdØRÒ û¡ÕRÛ4Ó(ÒÜÖ&×ih CFE�G µ ù bkg��u�}�k��jTc�!qc�%f�q�;H I C J brcqzuzqvZh%Ch]8&hf>��
º,n�eZb7�fhf88eM�Z�kp<j����:b&eMpriÁ£�h � <,~tm}p-h � eMs�stj,~tpZ� �<eq��jUiÐeq�k�¦s�~�eq�,stm}�upÐ���q~«g�j,~tm�� �km}pkn
��j��,~tj��,��m}pf�Z~t�qst�L���q�}��h JjP,P,P z N ×uÓwÙdØd×nÛ&Ó(ÒÜÖ&×nÛ
ïOk�Ö � ØR×�Û
ï�Ö4×lJ�ÖðÝdÓ(Ñ¡Û&Ø�ÙmP�ÖEÖ
ï ë�Ý�Ö&ØDPYÙ�ÕRÔ�×Vï�Ö:ø&ì
PVØ�Û&×uëÃÝEÙdØ brw � y��d� %
!�Kn!qxZbdcqzuz�%ChxZh]o'h(A��oe	~t��jubfp¡h�{�~t�<�¡�\j,~tnkb5/dh;4q�reZb��¡h;8:�-b%eqp<i9@¡hEl&j�m�st�:hqA��u�kpCstj�~tj,¨keq���<�}j,�ªnq�<moikjUi
eq�<�¦s�~�eM�,stm}�upÉ~tj,¢rpkj���j�pLsUh � prC Ö&í.÷ � ÓwÙdØ E ÒÜó�Ù�ó G ÙdØRÒ û7Õ:Û&Ó(Ò(Ö&× b(8�'�A,/db%�<eqnqj��¤y�%��sK<yUx�_Ch/Z�k~tm}pknuj,~��ªl&j,~t�oeqnkb<cMzuzuzCh

!Ch]o�iZ�f�<p<iT£�h�A�� e	~t��j'eqp<imo`h ¹ �}�}j�p]o%��j,~t���qp:h���j���m}nqp4eqp<i¡�¦�ZpLst�<j���m}���M�\�¦�Zp<���k~t�qp<m�ºUeMstm}�qp
����j��}j,st�upk�*�<��m}p<n«�k~�eMp<���<m}p<nM�ªstm}��j�stj����\�q~�eM�&�}�qnum}�uh � p7H Ö:ø&ÒÜÕ�ÖðÝ�Q7Ø�Ö:ø&ØðÛ&ícë:ùBtcÖ4ØMu4ëðÔuÖd÷ b�reqnqj��S%uc�K`!Cyqb�8:�qpriZ�up:b ç=v bdy�_uwZyqh�/C�k~tm}p<nqj,~��ªl�j,~t�oeMnkh

wZhc�fhÏ���u�}j�g«eqp<i ¹ hOA�hu��eq�Zhap2p¤st�<j���j,���k~tm�s �«�q���<�<�k�}mo�*�uj,� �k~t�qst�L�,�u�}��h�N \(\f\wPVØ�Û&×uëdÛòÕ��Ó(ÒÜÖ&×Vë�Ö&× N ×EÝ�Ö4Ødí>Û&Ó(ÒÜÖ&×iP�ÔVÙ�Ö&ØRì b\c
_ � c���b8y�_uwqvZh_Zh>���<�u��eM� ¹ hs@2j,pVº�m}p<nqj,~Ub
22eMp
#¦m�sf4u�<eq�oeZb�2��k�req��£�e�#¦�k��i<e	~Ub�eMpri v j,p<p<j�st�38%hL£¤�	£¤m}�}�oeqp-h¹ �<�¦s�~�eM�,stm}�upk���^~t�u�Ê�Z~t�L�q����h � p�'2j�m}�Ï�fh
4u�upkj���eqpri�6�eUgCm}j,~(8:j,~t�U�LbMjUiZm}st�M~t��b Q=xfQ H%bq�reMnuj��cqv�c�KZc��
�kh ¹ A`£�brcqzqz&�Zh
y�zZh>���<�u��eM� ¹ hL@2j�puº�m}p<nuj�~Ubj2�eqp
# m�s34q�req�oeCb52��k�reM��£�e�#¦�k��i<e	~Ub%{2j��M~tnujyA�hj'�j����<�oeCb%{�~tj,�

nu�um�~tj�/Z�ks�~tjqbEeqp<ikê�j��¦st�}j,�kê�j�m}��j,~Uh`�8j,���\�q~�eq���ª�teM�^j,s ���k~t�L�q�^�f���M~��¦�Z�¦stj��������Cikjuh � p
Q,ØðÖEÕdÙ:Ù�ó&Òª×�ø&ë;ÖðÝ.Ó"ÔuÙ ´{z Ó"Ô N ×uÓwÙdØd×nÛ&Ó(ÒÜÖ&×nÛ
ï C Ö&×EÝ�ÙdØ:Ùd×�ÕRÙTÖ&× C Ö&í.÷ � ÓwÙdØ{� E ÒÜó�Ù�ó G ÙdØdÒ û¡Õ:Û&Ó(ÒÜÖ&× b�reqnqj��8�k�:hs%qcqx�K`%qvqwZh�8:j���st�k~tj;'2�Mstj��8m}pmA��u���k�kstj,~j/Z��m}j�pk��j�c4��z4�kb�/Z�Z~tm}p<nuj�~�� l&j,~t�oeqnZbMcqzqz�cLh

yqyuh¥�fh�88eM�C�<p<j,���-bL/dh�>�j�pk�teq�}j���bF/dhLp��`~tjqb8eMpri|/dhL>�j,~tjPº�m}p:h � p<��~tj���j�pLs�eq��guj,~tm�¢r�Ue	stmo�qp��L�
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y�%Ch v jUi<e	~;/dh�'2eq�&# �u���<mVh~A�j,~�stm��^�Zm}p<n2���CiZj������<j�����j,~t��hnH Ù�ÕPÓ � Ø�ÙdI�Ö&ÓwÙdë7Ò"× C Ö&íÐ÷ � ÓwÙdØaJ�ÕPÒ�Ùd×nÕdÙ bcCyUzuc�� c�Kn����b:cMzuzCyuh
y�xZh v jUi<e	~^/dh;'2eq�&# �u���<mVh�8-m��^stm}p<n¬stj����\�q~�eM���k~t�L�M���4st�Z~t�u�<nq�½eq�<�¦s�~�eM�,stm}�upk��h � p�G�}9CFESN�b

cqzuzqvZh
y�!Chc���q~t�qp � j��}jUi-b ¹ ��m�~ � pC�<j��}mVb	eqp<i�8:j�pk�q~tj��fh�:\�<���\hq�k~t�u�P�VeM�o��m�¢<�UeMstm}�upTst�'g�j,~tm�¢r��eMstm}�up-h � p
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��Ù�Û&ëdÖ&×�V b\c
% � v��d�oy�xc!�KZcCy�!Cb8cqzqzuzChy�_Zh ¹ ��m�~ � pZ�kj��}mVbc/Cm�stgueMp<m�s;2��<eq�-bMeqprim8:j�pk�q~tj8�fh�:\�<���\h ¹ �kst�q��eMstm}�`iZjUik�k�,stm}g�j�g�j�~tm}¢<�UeMstm}�qp
�'m}st�ÁmopCgCm}��m}�<�}j¬mopCgqeM~tmoeqpLst��h � pG��m�º�moeqp<eÁ£�e	~tn�e	~tm eÉeMpri³êFeMp<nk�2mVb�jUiZm}st�M~t��b P E�CFE J bg��u�}�<��j�cqzqvZyT�q�fH Ù:ÕPÓ � Ø�Ù�I;Ö4ÓwÙdë�Òª× C Ö&íÐ÷ � ÓwÙdØDJnÕPÒ�Ùd×�ÕRÙ br�<eqnqj��Hw�c�K~_c!Lh�/Z�Z~tmopknuj,~UbrcqzqzZyqhcMzZh]4ujUeqpZ� � m}j,~�~tjS�2�<j,mo�}�}j'eqp<i]4u�q��j��<�^/Cm��Veq�Cm}��h�/C�\j���m�¢r�Ue	stm}�up�eMprifg�j�~tm}¢<�UeMstm}�qp4�q�\�,�up<�,�k~�~tj�pLs
�¦�k�¦stj,���8m}pf��j,�teM~Uh � p Q,ØðÖEÕRÙRÙ�ó&Ò"×�ø&ë�ÖðÝ7Ó"ÔVÙ g Ó"Ô C Ö
ïªï�Ö�X � Ò � íeÖ&× N ×uÓwÙdØd×nÛ&Ó(ÒÜÖ&×nÛ
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cLyuh ¹ �<�km}��2��U�Z���<�u�<ik�C�k~��Lb�A�h�2�h�2�eq��eq�L~tm}���<p<eqp-bdeqp<i � hdl�h�22eM��eq�L~tm}���<preMp:hm4u�k�¦stm}� �Zmopkn
�k~t�L�q�^���k��mopknT��j����2s�eq�k�}j���h � p Q7ØdÒª×nÕPÒ ÷�ï¨Ùdë�Û&×nóDQ7Ø�ÛòÕPÓ(ÒÜÕRÙ�ÖðÝ"TTÙ�Õ�ï�Û&Ø�Û&Ó(Ò"ñ&ÙSQ7Ø�Ö:ø&ØðÛ&ící¥Òª×�ø b�reqnqj��*y�!Mw�Kry�w�_Cb:cqzuzqzZh

cqcCh]8&hu��eqp�eqpriB2�hOA��}jUeUg�j��oeqp<i-hfo%gZmoiZj�p<��j�� �<eq��jUi ���Cikj��d���<j����Cm}p<nkbrcqzqz�cLh
cMvZh>���<j�A��C¥>�2j�g�j��}�u�k��j�pLs,�:jUeq��h P�ÔVÙ C Ö�X=Q7Ø�ÖEÖpÝ E ë:ë:Òªë:Ó�Û&×VÓ;��ÙªÝEÙdØ�Ùd×�ÕRÙ } Û&× � Û
ï G ÙdØRëRÒ(Ö&×� V$e h(8-�unum}�UeM� � ~t�s# j��,sUb�4ueqpC�re	~���cMzuz�%Chc��khl/Cs�eUgL~t�u�;�:~tm}�reM�Cmo��b5A��k~tm}�¦st�u�3/Z�M�^~t�qp<m}��bj'��q~t��eqpq/Z�UeMm���jub�eqpri � eq�<�aA�eq���kmVh�/Cj���eqpLstm}���¦�

�k~tj���j,~tgCm}p<n�eqpri���j����q~��C�ªj{����m}j�pLsTm}���<�}j���j,pCs�e	stm}�up��M�'m}pCstj�~��ªs�eM�����,�u���f�kp<m}�Ue	stmo�qp��qp
�¦s�eMstm}�,�ª�k~tm}�q~tm�s ���q~�jUiZ�-�����<jUiZ�<�}j,~t��h � p>ê�e��kpkj8ê��u��� bCjUikm�st�q~Ub \ } JLx � P b��<eqnqj��`vc%Mv�KLvuxuzCh¹ A`£�brcqzqzc%Lh

c
%Ch��n�c�
�f�b�c�s�c�c�����~���`�������;�Z�������;�W���n� �.�
��¡`�5�£¢`¤s¥c�~�~���
�~�~���`�
�����n¦F�§�c�c�\h

T ,H ` ϕ
(hyp) ϕ∈H

T ,H ` ϕ
(axiom) ϕ∈T

T ,H ` ⊥

T ,H ` ϕ
(⊥e)

T ,H ∪ {ϕ} ` ⊥

T ,H ` ¬ϕ
(¬i)

T ,H ` ϕ T ,H ` ¬ϕ

T ,H ` ⊥
(¬e)

T ,H ∪ {ϕ1} ` ϕ2

T ,H ` ϕ1 ⇒ ϕ2

(⇒i)
T ,H ` ϕ1 ⇒ ϕ2 T ,H ` ϕ1

T ,H ` ϕ2

(⇒e)

T ,H ` ϕ1 T ,H ` ϕ2

T ,H ` ϕ1 ∧ ϕ2

(∧i)
T ,H ` ϕ1 ∧ ϕ2

T ,H ` ϕ1

(∧e)
T ,H ` ϕ1 ∧ ϕ2

T ,H ` ϕ2

(∧e)

T ,H ` ϕ1

T ,H ` ϕ1 ∨ ϕ2

(∨i)
T ,H ` ϕ1

T ,H ` ϕ1 ∨ ϕ2

(∨i)

T ,H ` ϕ1 ∨ ϕ2 T ,H ∪ {ϕ1} ` ϕ3 T ,H ∪ {ϕ2} ` ϕ3

T ,H ` ϕ3

(∨e)

T ,H ` ∀x ϕ

T ,H ` ϕ[x← t]
(∀e)

T ,H ` ϕ

T ,H ` ∀x ϕ
(∀i) x óòÖ�Ùdë�×nÖ&Ó8ÛR÷ò÷uÙ�Û&Ø;Òª× T ∪ H

T ,H ` ϕ[x← t]

T ,H ` ∃x ϕ
(∃i)

T ,H ` ∃x ϕ1 T ,H∪ {ϕ1} ` ϕ2

T ,H ` ϕ2

(∃e)
x óòÖ�Ùdë�×nÖ&Ó8Ûd÷
÷uÙ:Û4ØÒª× T ∪ H ×�Ö&Ø�Òª× ϕ2

���Ã� �
¨d� ���<j*m}pZ��j,~tj�pk��j�~t�<�}j��'�M��st�<j*��jU¥L�kj�pLs`�Ueq�}���k�}�<�

� ©³b;J«ª JiJ(�¥b;a8 ­¬`®fW�b;LY]fJ(�TJiLO¬~¯�]f�³J"°wU a,�;_Yb;J�Q._YMRWXa7_YM:]�Q
[TLD]8_�]fWX].g
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π
Bk>V²	º

ÝCÜ



KL­r¼FÂ�­r;%?�;:²	º�9<A	?ÍA	?u¿¦?�AUA	?LNå9rº
Sπ

¿�­rA ²UJ%?�º	?Lº	ºU>@­r;P>@NE?�;:²U>�¾&?�ACB
Aπ

¿�­rA�²UJ%?�9<±d?�;:²
ÂE¯ª9LÅ8>V;E±É²UJ%?�A	­r¯@?¬­<¿�²UJ%?�>V;E>V²U>ª9<²	­rACB&9<;%N

Bπ

¿¦­rA�²UJ%?�A	?Lº	Â�­r;%NE?�AC6

P(π)
def
=











Òª×VÒ"Ó(ÒÜÛ&Ó�Ö&Ø z ± →
l
Aπ,Nonce(π, 1) m KBπØ:ÙdëÜ÷ÏÖ&×nó�ÙdØ z l

x, n m KBπ
→
l
Bπ, n,Nonce(π, 2) m KxÒª×VÒ"Ó(ÒÜÛ&Ó�Ö&Ø z l Bπ,Nonce(π, 1), n′ m KBπ

→
l
n′ m KBπ











Æ�J%?�A	?
x, n, n′ ∈ V ar

NE?�;%­r²	?Í¿ A	?L?Í=r9<AU>ª9<»E¯@?Lº � KX

Û A	?LºUÂ'6
K−1

X

ß�>@º ²UJ%?�ÂE³E»E¯V>@K
Û A	?LºUÂ'6%º	?LK�A	?�²qß�Id?�ÅÑ­<¿�²UJ%?Í9<±d?�;:²

X
9<;%N

Nonce(π, p)
NE?�;%­r²	?�9�¿¦A	?LºUJÌ;-³E¼�»�?�A

K�A	?C9<²	?LNÌ>V;1õ8?Lº	ºU>@­r;
π
6

Ô4J%?åº	?LK�A	?�²	ºÑ­<¿¬²UJ%?ÒÂEA	­r²	­8KL­r¯¬9<A	?®NE?u¾%;%?LN©Æ�>V²UJ÷A	?LºUÂ�?LK�²Ð²	­Ë²UJ%?®ºM?Lº	ºU>@­r;
Â&9<AM9<¼É?�²	?�A	ºCã

Secret(π) = { K−1
Aπ

, K−1
Bπ

, Nonce(π, 2) }

² ³ L�MRQTW�MR[¥gRJ3]
N³_Yb;J«´�JiLDMMµcWXa7_YM:]�Q _�]f]�g*N�]
L UVJ�WXLYJ�WZO ]
N
WXL�O�[;_�]
S�LYa,[¥bTMdW�[TLD]8_�]fWX].gRU

qEA	­r¼
P
9<;%N

Secret
BÏ�
���������TKL­r¼FÂE³E²	?Lº�94º	?�²

D
²UJ&9<²'>@º'9<;Í­C=d?�A�°�9<ÂEÂEA	­C×8>V¼½9<²U>@­r;

­<¿�²UJ%?�¼É?Lº	ºM9<±d?Lº�²UJ&9<²¬9<¯V¯@­CÆ ²UJ%?�>V;-²UAU³%NE?�AÍ²	­ÐNE?LN�³%KL?Fº	­r¼É?�­<¿�²UJ%?�º	?LK�A	?�²	º�­<¿
õ8?Lº	ºU>@­r;

π
6¡q%­rA«²UJ%?k6¤?L?LN�J&9<¼�°,õ8K	JEA	­8?LNE?�A�°�G'­CÆf?�9�º¬ÂEA	­r²	­8KL­r¯tB&²UJ%?�A	?LºU³E¯V²U>V;E±Ñº	?�²

D
>V;%K�¯V³%NE?Lº�¿�­rA�>V;%ºU²M9<;%KL?\ã

{
l
i,Nonce(π, 2) m Kh

| i, h ∈ Agents, K−1
i ∈ N ∧ K−1

h /∈ N }

Ç ¯V²UJ%­r³E±\JÄ²UJ%?Áº	?LK�A	?�²
Nonce(π, 2)

>@º�?�;%K�AUÅ:ÂE²	?LNQÆ�>V²UJÄ9®ºM9k¿�?½Id?�Å Û º	>V;%KL?
K−1

h /∈ N
ßuB�²UJ%?Lº	?�¼É?Lº	ºM9<±d?Lº�>V;%N�>VA	?LK�²U¯VÅ1A	?�=d?C9<¯*²UJ%?�º	?LK�A	?�²C6`Ã�;%NE?L?LN`B�9ÐJ%­r;%?LºU²

9<±d?�;-²
h
²UJ&9<²�²M9<Id?Lº�Â&9<AU²�>V;å9<;Èº	?Lº	º	>@­r;

π′ = (s, i, h)
­<¿�²UJ%?�ÂEA	­r²	­8KL­r¯2Æf­r³E¯@N

9rKLKL?�ÂE²�ºU³%KMJ�9f¼É?Lº	ºM9<±d?�9rº'²UJ%?*¯@?u¿ ²�°tJ&9<;%NÍºU>@NE?T­<¿�²UJ%?Tº	?LKL­r;%N�²UAM9<;%ºU>V²U>@­r;'6kÇ ÂEÂE¯VÅ:°
>V;E±�²UJ%?�ÂEA	­r²	­8KL­r¯tB�J%?¤Æ¡­r³E¯@NÑ²UJ%?�;ÌA	?LºUÂ�­r;%N±l

h,Nonce(π, 2),Nonce(π′, 2) m KiÆ�JE>@K	JÌKC9<;Ð»�? NE?LK�AUÅ8ÂE²	?LNÐ¿¦­rA
K−1

i

>@ºfI:;%­ZÆ�;Á­r;Á²UJ%? ;%?�²�Æ¡­rAUI�6�á«? Æ¡­r³E¯@NÁ²UJ%?�;
>V;-=d­r¯V³E;-²M9<AU>V¯VÅÒJ%?�¯VÂP²UJ%?�>V;-²UAU³%NE?�A¤²	­�±d?�²�²UJ%?�º	?LK�A	?�² ­<¿�õ8?Lº	ºU>@­r;

π
6

® ¶VQ�_�JiLD[TLYJ�_�a7_YM:]�Q¢]
N`_Yb;J·�;a8QTS
JiLY]��¥U@  J�UnUVa,S
J�U@LYJ�_Y�;L�Q;J(� ¤ÐO
¸�¹&ºB»¼¹&½

Ô4J%?�N%9<;E±d?�A	­r³%º*¼É?Lº	ºM9<±d?Lº�ÂE³E²*KL­r;%ºU²UAM9<>V;:²	º�­r;�²UJ%?4I:;%­ZÆ�¯@?LN�±d?�­<¿&²UJ%?4>V;:²UAU³%NE?�ACB
ë�§ ç�§2²UJ%?Á¼É?Lº	ºM9<±d?Lº�²UJ&9<²�»�?�¯@­r;E±È²	­

N
62Ô4J%?ÑÂEA	­r²	­:KL­r¯�KC9<;ÎºM9k¿�?�¯VÅÊ»�?½³%º	?LNQ>�¿

D ∩N = ∅
6�õ:>V;%KL?�9�;%­r;%KL?¬>@º 9�¿¦A	?LºUJÌ=\9<¯V³%?¬K�A	?C9<²	?LNÒN�³EAU>V;E±Ñ9Fº	?Lº	º	>@­r;P­<¿2²UJ%?

ÂEA	­r²	­:KL­r¯tB29<¯V¯*²UJ%?ÉN%9<;E±d?�A	­r³%ºÍ¼É?LºMºM9<±d?Lº¬²UJ&9<²ÍKL­r;:²M9<>V;%º�9Á;%­r;%KL?Ð­<¿�õ8?LºMºU>@­r;
π

ÝZ¶



KC9<;E;%­r²F»�?ÐÂEA	?Lº	?�;-²F­r;Ä²UJ%?Á;%?�²�Æf­rAUIË»�?u¿¦­rA	?Á²UJ%?Ð»�?�±\>V;E;E>V;E±Ê­<¿«²UJ&9<²�ºM?Lº	ºU>@­r;'6
á«?�;%KL?\B`²UJ%?LºM?ÉKL­r;%ºU²UAM9<>V;-²	º�9<A	?FA	?�¼É­Z=d?LN`6�ä*=d?�;:²U³&9<¯V¯VÅdB�²UJ%?�A	?É>@º�;%­PKL­r;%ºU²UAM9<>V;:²
¯@?u¿ ² 9<;%NÌÆf?¬KC9<;ÒKL­r;%K�¯V³%NE?�²UJ&9<² ²UJ%?�ÂEA	­r²	­:KL­r¯HÂEA	?Lº	?�AU=d?Lº�²UJ%?¬ºM?LK�A	?�²	ºC6

¾ ©³b;Jú[¥LY]f]
N¬]�NkUVJ�WXLYJ¡WZO¢[¥LYJ�UVJiL�´,a7_�MR]�Q MRQ ¾ ]�g:J5´¢a8Q��À¿«a7]�°�U
  ]��;J�g

Ô4J%?�²UAM9<;%ºU>V²U>@­r;FºUÅ�ºU²	?�¼ 9rº	º	­8K�>ª9<²	?LNÍ²	­�9 ÂEA	­r²	­:KL­r¯
P
ºU>V¼�³E¯ª9<²	?LºT9<;�³E;:»�­r³E;%NE?LN

;-³E¼Í»�?�AÍ­<¿¡ºM?Lº	ºU>@­r;%º�­<¿¡²UJ%?�ÂEA	­r²	­8KL­r¯*>V;1²UJ%?�ÂEA	?Lº	?�;%KL?�­<¿�9<;1>V;:²UAU³%NE?�A¬²UJ&9<²�>@º
¼É­:NE?�¯@?LNÌ»:ÅÑ²UJ%?�²UAM9<;%ºU>V²U>@­r;%º ºUÅ�ºU²	?�¼ ��� ­<¿�=¤­r¯@?�=P9<;%NÑD¡9r­E6

R
def
=
��� ⋃

π∈Session

P(π)

Ô4J%?«KL?�AU²U>�¾&?LNÁ=d?�A	N�>@K�²�­<¿^�
���������¤>@ºf9¬¿�­rAU¼½9<¯�ÂEA	­8­<¿'>V;é)7+Ð-È­<¿�²UJ%? ÂEA	­rÂ�?�AU²�Å�ã

(P1) ∀π ∈ Session , ∀N ⊆ Message,
D(π) ∩N = ∅ ⇒ Secret(π) ∩ R∗(N ) = ∅

Æ�J%?�A	?
D(π)

>@º ²UJ%?Íº	?�²«­<¿�N%9<;E±d?�A	­r³%º«¼É?Lº	ºM9<±d?Lº«KL­r¼FÂE³E²	?LNÒ»:Å±�
�i���0�i�¬¿¦A	­r¼
²UJ%?FÂEA	­r²	­:KL­r¯

P
9<;%NÈ²UJ%?Éº	?LK�A	?�²	º

Secret
6'Ã�²¬ºM9<²U>@º�¾&?Lº

Secret(π) ⊆ D(π)
»-Å

KL­r;%ºU²UAU³%K�²U>@­r;'6

Ô4J%?ÉÂEA	­8­<¿ ­<¿
(P1)

ºU²M9<AU²	º�»-Åµ9PºUId­r¯@?�¼F>VÀZ9<²U>@­r;Ä²UJ&9<²¬¾E×E?Lº�9<;Q9<AU»E>V²UAM9<AUÅÄõ8?Lº�°
ºU>@­r;

π0
6�Ô4J%?�;'B�Æ¡?�ÂEA	­Z=d?F²UJ%?�>V¼FÂE¯V>@KC9<²U>@­r;Ê³%ºU>V;E±Ì²UJ%?�ÂEAU>V;%K�>VÂE¯@?É­<¿f>V;%N�³%K�²U>@­r;

9rº	º	­8K�>ª9<²	?LNP²	­É²UJ%?�­rÂ�?�AM9<²	­rA
pre

Û º	?L?¬q2>V±\³EA	?�·dßu6&Ã�² A	?LÏ:³E>VA	?Lº«²	­½?u×�JE>V»E>V²¤9ÉºM?�²
²UJ&9<²f>@ºfºU²M9<»E¯@?«¿�­rA¡²UJ%?

preR

­rÂ�?�AM9<²	­rA Û R*A	­rÂ�?�AU²�Å
P2
»�?�¯@­CÆ«ßu6i�«³EA4=d?�AU>�¾&KC9<²U>@­r;

²	­:­r¯tB8�
�i���0�i�dB�­r³E²UÂE³E²	º�ºU³%KMJÊ9Éº	?�²
Dπ0

²UJ&9<²¤Æ¡?�³%º	?�²	­ÐKL­r;%K�¯V³%NE?�²UJ%?�ÂEA	­:­<¿
;%­r²U>@K�>V;E±½²UJ&9<²Cã

Ý\6
Secret(π0) ⊆ Dπ0

C
ãÑé	ðrñ�%�ê¦íqèEéLê¦ë�ðrñÊð�$
Dπ0·�6

∀Q,Q′, pre∗R(Q) ∩ Q′ = ∅ ⇔ Q ∩ R∗(Q′) = ∅
$uíUðn�ÂÁ�ÃcÄ~Å

Ô4J%?�KL­rAUA	?LK�²U>@­r;½­<¿�²UJ%?Lº	?�ºU²	?�Â%º*>@º�ÂEA	­Z=d?LN½­r;%KL?4¿�­rAT9<¯V¯�9<;%N�²UJ%?�­r;E¯VÅ�ÂEA	­:­<¿ °�ºU²	?�Â
ºUÂ�?LK�>�¾&K�²	­É²UJ%?�±\>V=d?�;PÂEA	­r²	­8KL­r¯�9<;%NPº	?LK�A	?�²	º�>@º�²UJ&9<² ­<¿2²UJ%?�º	²M9<»E>V¯V>V²�ÅÌ­<¿

Dπ0

ã

(P2) preR(Dπ0) ⊆ Dπ0

def
= ∀(t, t′) ∈ R, ∀σ, t′σ ∈ Dπ0 ⇒ tσ ∈ Dπ0

Æ�J%?�A	?
σ
NE?�;%­r²	?Lº«9�º	³E»%ºU²U>V²U³E²U>@­r;Ò­<¿�=r9<AU>ª9<»E¯@?Lº »-ÅÁ¼É?Lº	ºM9<±d?LºC6

Ý�/



Æ ©«bTJ a,¤cUÏ_�LYa8WZ_YM:].Q\].Q£a7S�J�Q._�U@MRQ ¸�¹&ºB»¼¹&½
Ô4J%?Íº	?�¼½9<;:²U>@KLº«­<¿TK�AUÅ8ÂE²	­r±\AM9<ÂEJE>@KÍÂEA	­r²	­8KL­r¯@º KL­r;%ºU>@NE?�A	º�9Fº	?�²«­<¿�>V;�¾%;E>V²	?Í>@NE?�;�°
²U>V²U>@?LºÁ­<¿�9<±d?�;:²	ºÑÆ�JE>@K	J©>@ºÁÂ&9<AU²U>V²U>@­r;%?LN§>V;:²	­Q²UJ%?ÒJ%­r;%?LºU²Ñ­r;%?LºÐ²UJ&9<²ÁN�>@N§;%­r²
ÂE³E»E¯V>@ºUJÄ²UJ%?�>VA�ºM?LK�A	?�²�Id?�Å

k−1 9<;%NQ²UJ%?ÑN�>@ºUJ%­r;%?LºU²F­r;%?Lº�²UJ&9<²�A	?�=d?C9<¯@?LNÄ²UJ%?�>VA
Id?�Å8ºÐ²	­Ê²UJ%?Ò>V;-²UAU³%NE?�AC64Ô4J%?19<»%º	²UAM9rK�²U>@­r;©­r;÷9<±d?�;-²	ºÁ¼½9<Â%ºÁ²UJ%?PJ%­r;%?LºU²Ñ­r;%?Lº
­r;-²	­�²UJ%?�>@NE?�;-²U>V²�Å

h] 9<;%NÉ²UJ%?«N�>@ºUJ%­r;%?LºU²¡­r;%?Lºf­r;-²	­ i] 6-Ã�;É²UJ%? KL­r;%K�A	?�²	?«ÂEA	­:­<¿UB
²UJE>@ºf9<»%ºU²UAM9rK�²U>@­r;Ñ>@º¡A	?�ÂE¯ª9rKL?LN½»:ÅÐ9<;Ð?LÏ:³E>V=\9<¯@?�;%KL? A	?�¯ª9<²U>@­r;

∼A

²UJ&9<²f­r;E¯VÅFA	?u¿�?�A	º
²	­F²UJ%?�KL­r;%K�A	?�²	?Íº	?�¼½9<;:²U>@KLºCã

a ∼A b
def
= (k−1

a /∈ Ninit) ⇔ (k−1
b /∈ Ninit)

6
ÇG��È�ÉSÊ ÿ`ÊbËfÉ�þ9Ë(Ì�ÿ`Í.�F��ËfÉ.�Y�u�-ÿ��RÉSË%ÿ`ÊbËaÉ·Ë(Ì ü5Î��LÉ�ÿCþ�Ï
Ð Agent

NE?�;%­r²	?LºÒ9<;÷>V;�¾%;E>V²	?Êº	?�²Ì­<¿�>@NE?�;-²U>V²U>@?LºÒ­<¿�J%­r;%?LºU²Ò9<;%N÷N�>@ºUJ%­r;%?LºU²
9<±d?�;-²	º

Ð ²UJ%?�ÂEA	?LN�>@KC9<²	?�Ñ�J%­r;%?Lº	²�Ò�­r;®9<±d?�;:²	º�>@º�NE?u¾%;%?LNP»-Å�ã
H(a)

def
= k−1

a /∈ Ninit

ÇG��È�ÉSÊ ÿ`ÊbËfÉÓË(Ìfü;ÉQüEý�þLÿ��<ü��\ÿ`ÊbËfÉá�V�LÔ ü�ÿ`ÊbËfÉQý;�-ÿsÕ¬���LÉ
Agent

ü;ÉSÖ
Agent ] =

{h], i]}
αA ⊆ Agent × Agent]

>@º�NE?u¾%;%?LNP»-ÅÑ²�Æf­ÉÂ&9<>VA	º�­<¿�ÂEA	?LN�>@KC9<²	?LºCã

(C1(a), A1(a
]))

def
= ( H(a), a] = h])

(C2(a), A2(a
]))

def
= (¬H(a), a] = i])

²UJ%?�;
αA = { (a,h]) | H(a) } ∪ { (a, i]) | ¬H(a) }

× Í.�½üEý2þLÿ��kü��dÿ`ÊWËaÉj�V�LÔ ü�ÿ`ÊbËfÉ
αA

ÊØÉSÖ=Ù.�Y�:þ�üG�u�FÔ ü�ÿ`ÊbËaÉ
∼A⊆ Agent×Agent6«­r²	?¬²UJ&9<²

∼A

>@º�9<;Ò?LÏ:³E>V=r9<¯@?�;%KL?¬A	?�¯ª9<²U>@­r;®ºU>V;%KL?
αA

>@º 9�²	­r²M9<¯`¿¦³E;%K�²U>@­r;'6

a ∼A b ≡ ∃a] ∈ Agent], αA(a, a]) ∧ αA(b, a])
≡ (H(a) ∧ H(b)) ∨ (¬H(a) ∧ ¬H(b)) ≡ H(a) ⇔ H(b)

≡ (k−1
a /∈ Ninit) ⇔ (k−1

b /∈ Ninit)

Ú ©³b;J a,¤¥Uu_�LYa8WZ_YM:]�Q¢LYJ�gRa7_�MR]�Q¢]�Q¢_�LYa8QTUnM�_YMR]�Q£UÏO;Uu_�J�  UF�¥UuJf� MRQ
¸�¹&ºB»¼¹&½

Ô4J%?�9<»%ºU²UAM9rK�²U>@­r;åA	?�¯ª9<²U>@­r;
αR ⊆ R × R] ­r;Ò²UAM9<;%ºU>V²U>@­r;åºUÅ�ºU²	?�¼Éº�²UJ&9<²«Æ¡?�³%º	?

>V;@�
�i���0�i�¬>@º4;%­r² 9�¿ ³E;%K�²U>@­r;'ã&9�²UAM9<;%ºU>V²U>@­r;Ò²UJ&9<²�KL­r;-²M9<>V;%º�¿¦A	?L?�=\9<AU>ª9<»E¯@?Lº�KC9<;
J&9L=d?�º	?�=d?�AM9<¯`9<»%ºU²UAM9rK�²¡>V¼½9<±d?LºZ68O1­rA	?L­C=d?�ACB8²�Æ¡­�N�>ª	�?�A	?�;:²�KL­r;%K�A	?�²	?«²UAM9<;%º	>V²U>@­r;%º
KC9<;ÊºUJ&9<A	?É9<;µ9<»%ºU²UAM9rK�²¬>V¼½9<±d?\6`ÖÊ?�>V¯V¯V³%º	²M9<²	?F²UJE>@º�ÂEJ%?�;%­r¼É?�;&9Ì­r;µ9<;µ9rN89 J%­8K
?u×E9<¼FÂE¯@?\ã�²UJ%?Ê²UAM9<;%ºU>V²U>@­r; l

h],h], n m K
h]

→
l
h],
l
n m K

h]
m K

h]

»�?�¯@­r;E±dºP²	­
²UJ%?¬9<»%ºU²UAM9rK�²�>V¼½9<±d?Lº�­<¿�²UJ%?¤²UAM9<;%ºU>V²U>@­r;%º l

A, x, n m KA
→
l
A,
l
n m Kx

m KA

9<;%N
l
x,B, n m KB

→
l
x,
l
n m KA

m Kx

6�Ô4J%?�A	?u¿�­rA	?\B�²UJ%?F9<»%ºU²UAM9rK�²�A	?�¯ª9<²U>@­r;ÈNE?�ÂE>@K�²	?LN
»-ÅÑ²UJ%?�±\AM9<ÂEJP»�?�¯@­CÆ KC9<;Ò9<AU>@ºM?�>V;@�
�i���0�i��¿¦­rA«º	­r¼É?�ÂEA	­r²	­:KL­r¯@ºZã

ÝCÞ



R]R αR

C3, A3

τ ′′•

τ ′•

C4, A4

C2, A2

C′
3, A′

3

•τ
]
1

•τ
]
2

•τ
]
3

•τ
]
4

τ•
C1, A1

C′
1, A′

1

Ô4JE>@º�9<»%ºU²UAM9rK�²U>@­r;QA	?�¯ª9<²U>@­r;Ä­r;µ²UAM9<;%ºU>V²U>@­r;ÄºUÅ�ºU²	?�¼Éº¬>V;%N�³%KL?Lº�²UJ%?½KL­r;%K�A	?�²	?ÐA	?u°
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∀t, t′ R](t, t′)
def
⇔ ∃σ (t = t1σ ∧ t′ = t′1σ) ∨ . . . ∨ (t = tnσ ∧ t′ = t′nσ)
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[[∀t, t′ R](t, t′) ⇒ ∃σ (t = t]1σ ∧ t′ = t′]1 σ) ∨ . . . ∨ (t = t]nσ ∧ t′ = t′]nσ)]]

≡ ∀t, t′ R+(t, t′) ⇒ ∃σ (t ∼ t1σ ∧ t′ ∼ t′1σ) ∨ . . . ∨ (t ∼ tnσ ∧ t′ ∼ t′nσ)
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` [[ϕ]]] ⇒ ϕ

ϕ] def
= preR](D]) ⊆ D] ≡ ∀t1, t2 ∀σ R](t1, t2) ∧ D](t2σ) ⇒ D](t1σ)

[[ϕ]]] = ∀t1, t2 ∀σ [[R]]](t1, t2) ∧ [[D]]](t2σ) ⇒ [[D]]](t1σ)
≡ ∀t1, t2 ∀σ R+(t1, t2) ∧ D(t2σ) ⇒ D(t1σ)

≡ ∀t1, t2 ∀σ
(

∃t′1, t
′
2 (t1, t2) ∼R (t′1, t

′
2) ∧ R(t′1, t

′
2)

)

∧ D(t2σ) ⇒ D(t1σ)
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def
= ∀t1, t2 ∀σ R(t1, t2) ∧ D(t2σ) ⇒ D(t1σ) ≡ preR(D) ⊆ D
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